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Relation between time reversal focusing and coherent backscattering in multiple scattering
media: A diagrammatic approach
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In this paper, we revisit one-channel time reve(3&) experiments through multiple scattering media in the
framework of the multiple scattering theory. The hyperresolution and the self-averaging property are retrieved.
The developed formalism leads to a deeper understanding of the role of the ladder and most-crossed diagrams
in a TR experiment and also establishes the link between TR and coherent backscaitBSngespecially,
we show that when the initial source and the time reversal point are at the same location, the time-reversed
amplitude is twice higher. Surprisingly, this enhancement is due to the ladder diagrams and not to the most-
crossed ones, contrary to CBS. These theoretical predictions are confirmed by experimental results. The
experiments are performed with ultrasonic waves propagating through a random collection of parallel steel
rods.
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I. INTRODUCTION function formalism to analyze the spatiotemporal focusing
obtained by time reversal in a random medium with weak
- L ; celerity fluctuations. However, their model was based on the
demonstration of the reversibility of acoustic waves Propaaranolic (or paraxia) approximation[7] which assumes

gating through a two-dimensioneD) random collection of oy small scattering angles and thus ignores backscattering.
scatterers, the ultrasonic equivalent of a Lorentz gas for pais, {his latter paper, the reason why the focusing is observed

ticles [.1]' Typicall.y, an ultr'as.onic source sends a broadbandy, one realization of disorder is referred to as “pulse stabi-
pulse into a medium consisting of thousands of parallel steq|,ation.” It comes from the “self-averaging” behavior of the

rods randomly distributed and immersed in water. Since g reversal due to the broadband character of the initial
mean free path is much less than the sample thickness, strong|cq

multiple scattering occurs. The multiply scattered signals |, he present paper we revisit time rever€ER) experi-

transmitted through .the medlum are recorded on a 128zenis in the framework of the multiple scattering theory.
transducer array, digitized and time reversed. A part of thepyis theory describes statistical moments of the scattered
signal, the so-called “time reversal window,” is transmittedyie|q in transmission as well as in backscattering. It has been
back into the medlgm. The time-reversed wave is found thxtensiver applied in several fields of physicptics, elec-
converge back to its source. Two aspects of this problemy,nics acoustics, efc.lt is a general theoretical framework
have been studied: the signal recreated at the source locatigfl, s ccesstully describes various multiple scattering phe-
(time compressionand the spatial focusing of the time- ,mena: diffusive field fluctuations and their application to
reversed wave aroun_d the source Iocathn which was foung;tsive-wave spectroscopDWS) [8,9], weak and strong

to show a finer spatial resolution than in a homogeneoug,c5ization[10,11, short- and long-range intensity correla-
medium (hyperfocusing Dowling and Jacksor{2] have  iqns (c,,C,,Cs) [12], etc. It was only very recently that
been pioneers in this field: three years before the first eXPerigguments based on multiple scattering theory have been
mental observation, they predicted the peculiar property 0Eroposed in order to explain some results of TR in random
hyperfocusing of tim_e reversal in random media. But th.e”media[13]. For simplicity, we focus in this paper on time
approach was restricted to narrow-band signals and UM versal performed with one transducer. We first present ex-
compression was thus_ not expected. Later we developeq rimental results obtained in backscattering configuration.
phenomenological s.tatlst|cal model to describe both spati yperresolution and self-averaging are clearly observed in
and temporal focusmg of a broadband pu[@eﬂ. As to’ such a configuration. In addition one of the most striking
Blomgren and Papanicolaci], they applied the Green's results of this paper is shown: the time reversal amplitude is

twice larger when the time reversal element and the initial
source positions are the same. Measurements of the mean
*Electronic address: julien.derosny@espci.fr and the variance of the TR field clearly indicate that this

A few years ago, we carried out the first experimental
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FIG. 1. The two steps of a one-channel TR experiment through

a multiple scattering medium in a backscattering configuragian. multiple scattering medium. Another piezoelectric transducer
Forward propagation stegpb) Backward propagation step. acting as a small microphone records the time dependence of
the backscattered wave field/(t), at point R. A typical

effect is closely related to the well-known coherent back-Packscattered signal is plotted in Fig. 2. Since the sample

scattering(CBS) effect [14,15. To explain all these experi- thickness is much larger than the mean free path, the huge

mental results, we have developed a theory whose main ste@g]e sp.readanmor.e than 10Qus) of the initial pullse IS (_jug
are the following. 0 multiple scattering. Second, the recorded signal is time

(i) The TR field and its square are deduced from thereversed and sent back into the medium by the transducer at

Green’s function formalism on single realizationof disor- point R now acting as a small Ioudspggker. Finally a S”?a”
der transducer plugged to a wave form digitizer records the time

(i) Averagingover realizations: the general expression fordependence of the back-propagated pressure field atigoint

the average and the variance of the TR amplitude is ex‘_l'h|s transducer is fixed on a stepping motor in order to build

pressed in terms of the vertex function the spatial map of the TR field around the initial source lo-
(iii ) Approximation of the vertex: introduction of the lad- cation. As expected,' Wheki =S, a S.h.o.rt pulse emerges that
der and crossed diagrams contributions corresponds to the time-reversed initial pulsk Figs. 3 and
; : ; i . 4). This result is obtained for a single realization of disorder.
iv) Analysis of TR in the transmission and backscatterin ) :
(Iv) y gln order to get an estimator for the average TR field, the

configurations. . ' )
(v) Discussion about the self-averaging and hyperresolu?Xpe”mem can b.e. repeated for many other_ conﬂggraﬂons of
tion properties of TR in a multiple scattering medium. thg scatterer_ positions. From.a practpal point of view, aver-
aging is achieved by translating the disordered medium. Af-

(vi) The link with the well-known coherent backscattering ) . .
effect is formally established. In peculiar we show that thel€" averaging, the sidelobe level is decreased but the shape of

enhancement in TR focusing is due to the ladder diagramg“9 cl:torlt;pntes?ed 5}”'56 ﬁceems “."Chaf@e@ tF'g'f%) Th:jsb d
and not to the most-crossed ones, contrary to CBS. resuft 1llustrates the seli-averaging property ot broadban
time reversal in random media. Moreover, we observe in Fig.

4 that the hyper focusing property of TR through complex
Il. EXPERIMENTAL RESULTS media is achieved: the focal spot is very tlithmm—i.e., 4

) ] ) ) _wavelengthy whereas no spatial focusing would occur in
An acoustic wave field can be time reversed using a timgee space with one single TR channel.

reversal mirro(TRM). ATRM is usually made of 128 inde- So far the source position and the time reversal channel

pendent time reversal channels. Each channel consists of\gere assumed to be far away from each other. Do the TR
piezoelectric transducer plugged to a digital emitting and re-

cording electronics. In this article, we only deal with one- _ 1}
channel TR experiments performed through multiple scatter--*‘é’
ing media. Indeed, the physics in such a configuration is 2 0.5
already sufficiently new, rich, and complex to devote the 8 g

complete study to this topic. The schematic view of the one-?;

channel TR setup is presented in Fig. 1 The experimentsé -05

have been carried out in a 2D-like multiple scattering me- & _j4

dium made of thousands of steel rods. The sample is 35 mn ('J 5
thick and 300 mm large. There are 18.75 rods per square time(ps)

centimeter and the diameter of each rod is 0.8 mm. The elas-

tic mean free path is about 4 mpi6]. The time reversal FIG. 3. The continuous line corresponds to the time compres-
experiment is divided in two steps. First, a small emittersjon recorded at the initial source posititi=S) for one realiza-
(here a piezoelectric transdugéscated at poin generates tion of disorder. The dotted line is the average value over 100 real-
a short ultrasonic pulse at a central frequency of 3.5 MHZzations of disorder. The signals are normalized by the maximum of
(0.43 mm wavelengbhwith a 100% bandwidth toward the the average signal which occurstat0.
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an intuitive way to explain the link between CBS and TR
based on simple physical arguments. Basically, when the
source atS transmits a Dirac pulseR records the Green’s
function of the medium between poirs and R, G(S
—R;t). This field is time reversed an@(S— R, -t) is sent
back into the medium from poinR to the initial source
point, S. The back-propagated field a8 is G(S—R;-t)
® G(R— S;t). The reciprocity symmetry of the propagation
medium implies that the emission and receiving points can
s be exchanged in the Green’s function—i.&(S—R;t)
(a) time (u s) (b) time (. s) =G(R— S;t). Therefore the TR field is expressed @3%(S
— R, 7)dr at the focusing timdgt=0). This term is just the

FIG. 4. Spatiotemporal focusing on a single realization of dis'integrated intensity of the scattered field receive@®dor a
order(a) and averaged over 100 realizatiofis. The vertical axis source atS. Hence, on average, the dependence of the TR
corresponds to the distance between the recording fidinand the 5 pjitude as a function of the TR device position is nothing
initial source posit_ior(S). The signals are normalized by the value g5a than the backscattered intensity pattern—i.e., the coher-
of the averaged signal #=0 andK =S. ent backscattering enhancement.

) o ] ) We now perform “dynamic time reversal’ experiments;
focusing characteristics change when poitandR coin- o “we do not time reverse the whole signal but only a part
cide? An experimental answer comes from Fig. 5. WBen of it the so-called time reversal window. A time reversal
=K =R, the average TR field is almost twice as large com-yindow is defined by its lengtAT and its centet,. First
pared to the setup in whicR andK =S are far away from o short time reversal windowAT=4 us) centered at,
each other. Moreover, if the average TR focusing amplitude 5 us andt,=40 us are selected, time reversed, and suc-
is measured as a function of distance between p@rS  oqgjvely transmitted back towards the medium. This experi-
and R, the resulting plot looks like the well-known CBS \ant js repeated for one hundred realizations of disorder and
peak(see Fig. 6. o _ the results are plotted in Fig. 7. Two remarkable properties

The CBS is a well-known effect occurring in multiple 5.6 gpserved wheg=K . First, the peak amplitudeS=R) is
scattering media; it is intimately related to the reciproCityice |arger than the background for the two time reversal
property. When a source located at poBitemits a short  \inqows. Second, the width of the peak versus the distance

pulse towards a multiple scattering medium, the averaggeqyeens and R seems thinner for the late time reversal
backscattered intensify.e., /(¥(t)%)dt where(®) represents inqow, Systematic measures with respecttgoconfirm

the average over realizations of disofdeeceived at the thege results. In Fig. 8, we notice that a factor of 2 is mea-

source is twice higher than the one received far away. This igred whatever the time reversal window as soon as there are
due to the constructive interference between each path ang jeast two scattering events. Moreover, the peak width con-
its reciprocal counterpart, which can only occur at thegnyously decreases ag increasegsee Fig. 9. These two

source. This phenomenon has been observed in many difféfehayviors show the strong link with the dynamic coherent
ent areas: in optics, for microwaves, in acoustics, etc. It wagackscattering enhancemdao).

first predicted by Watsofi.7], de Wolf[18], and Barabanen-  neasuring the variance of the time reversed field is im-
kov [19]. Ten years later, the first experimental evidence Ofportant in order to study the self-averaging property of TR
this phenomenon was reportet4,15. through disordered media. Indeed a process is “self-

Our preliminary results on time reversal focusiifdgs. 5 ayeraging” if the variance of the field is weak compared to
and § indicate that there is a strong link between TR andyye square of its average value. An experimental map of the
CBS. We will later develop a full theoretical analysis to sup-yariance of the TR field is shown in Fig. 10 when the source

port this statement. Nevertheless, from now on, we proposgint S and the single TR chann@ are far away from each

amplitude(arb. units)
amplitude (arb.units)

time(ps) rg—Tg (mm)

FIG. 5. Average time compression on the initial soufi€e=S). FIG. 6. Solid line: averaged time reversal focusing amplit(ade
Dotted line: the TR device locatigiR) is far from the initial source t=0) and K =S versus distance between the initial source and the
point(S), and its amplitude is normalized to 1. Solid line: they are atTR device. Dotted line: average backscattered intensity versus dis-
the same positioflR=S). tance between the source and the TR device.
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FIG. 7. Gray level representations of the av-
—— erage TR field at timeé=0 versus the distance
between the initial source and the measurement
point (|S-K]|| on the vertical scaleand the dis-
tance between the initial source and the TR chan-
nel (|S—R| on the horizontal scaje(a) and (b)
correspond to a 4+s-long time reversal window
centered at timety=20us and ty=40 us,
respectively.

(a)

other. Approximately, it seems that two contributions add up In order to expand the Green’s function, instead of the
to a flat variance that was normalized here to 1. Upon varyelassical Born expansion in terms @f (Green’s function of
ing the position of the receivedf, the first contribution ap- the unperturbed mediumnone can prefer to introduce an
pears around the position of the TR chanRelThis contri-  operator® and the average Green’s functi@—i.e., (G).
bution is seen to be roughly constant in time. The secontHere G, is also called the Green’s function of the effective
contribution only occurs at the source positi@hand for  medium[21,22. Then it becomes

times around the focusing tinte=0. This contribution oscil-

lates twice as fast as the central frequency of the initial pulse. (t) = Go(S— R;t) ® f(t) + {f Go(S— ;1) ® O(r,

In both cases, the maximum enhancement factor is 2. Figures

11 and 12 confirm these observations.

—T;1) @ Gg(ry, — R;t)drldrz} ® f(t). (2

Ill. THEORY

In the following, the first term on the right-hand side of Eq.
(2) will be neglected. This is fully justified in a backscatter-

In this part, we formalize the one-channel TR process iring configuration: the effective Green’s function has no
terms of the Green’s functions. As seen in the preliminaryspecular reflection at the interface because the scatterers den-
experiment, the first step of a TR experiment begins by the
emission of a short puls&t) around timet=0 by the source

A. Time-reversed field

. : " ; .2
located at pointS. The recorded fieldV at pointR is ex- g
pressed as <15}
E
W(t)=G(S— R;t) ® f(t), (1) s 1
where ® is the convolution operator for time variables and %3 2
G(S—R;t) is the Green’s function betweehandR. -
&
10° F= 60 3
B
—_— — 50 N
g g 40 z
s = =2
® 30 c
S0t &
g_ 20 1
<
10
. . . 0.8
0 20 40 60 80
time(ps) s (mm)
FIG. 8. Amplitude of the average TR fieldecorded at time FIG. 9. Average TR focusing peak amplitude at the sou&e

=0 and at the focal position—i.eS=K) versus the position of the =K) versus the distance between the source and the TR channel
TR window (tg). The solid line corresponds to the case where the(rg—rg) and the positiorty of the TR window. At each time, the

TR channel is far from the source whereas the dotted line correfield is normalized such that the field equals 1 wisesndR are far
sponds to the situation where the initial source point and the TRapart. The top plot shows two snapshots of the bottom map at times
channel are identical. to=17 us (dashed lingandty=57 us (dash-dotted ling
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measurement poirk and the sourc&. The TR windows are cen-
tered around time 2@s (@) and 40us (b), respectively.

TR Channel Position

Next, we select a part of the scattered signal, referred to

-2 -1 0 1 2 ; ; .

he time reversal win RW):

ime (us) as the time reversa do@WRW)
FIG. 10. Gray level representation of the variance of the TR t) = AW (t W(ﬂ)) 3
field versus timet (horizontal scalgand versus the distance be- &0 ® At )7 @

tween the measurement poilit and the initial sourceS (vertical

scalg. The TR channel is located at -4.6 mm from the source. Thedere W is the rectangle functioh A is an amplitude factor
horizontal plot is the time evolution of the variance at the focusthat takes into account a possible amplification, but can be
(S=K). The vertical plot is the spatial dependence of the fieltl at set to unity without loss of generality. The TRW is centered
=0. The TR window isAT=2 us long and centered at timg 5t timet, and has a duratioAT. The selected signa(t) is

=40 us. time reversed and transmitted back by pdithrough the

sity is weak[23] and the ambient fluid is the same in the Medium and the fieldPry is recorded at poink [see Figs.
scattering region and outside. In transmission, this term cah3(b) and 14b)]:

also be neglected when the medium is thicker than several

elastic mean free paths because the effective Green’s func- Peit) =e(-t) ® G(R — K;t). (4)
tion decays exponentially with depth in the multiple scatter-

ing medium. In other words, in thick multiple scattering me- Combining Eqs(2)—4), we obtain

dia, almost all the incoming wave is scattered at least once

while traveling across the medium. Without the first term on  ¥(¢) =f Y, 1,13, 1430 Q f(— 1)
the right-hand side in Eq2), the propagation frons to R

can be seen as a three-step process: first, the propagation in — =1

the effective homogeneous medium frdnto r,; second, ®O(r;—rysn)® W( AT )9(1'1 —Ty—1)
the propagation inside the multiple scattering medium be- »
tweenr, andr,; and finally, the propagation from, to R,

along all possible paths from; to r, within the scattering X (5)
region. )
with

8 4 8 - 4 -

6 - 6 4 358 ) — . .
4 l 4 E s 3 N, glat) =Ge(S— 11— 1) ® Ge(R — r3;t)
£ - b
5‘0 i.h.- Ryl il-’i-uﬁ:-ﬁ#l——"l— 258 ® Ge(r; — R;=1) ® Gg(r, — Kit).
31-2 -2 & 2 g (6)

4 . 158

:Z - :: o~ 18 To obtain Eq(5) we have assumed thAf is larger than the

8-6-4-2 02 4 68 -8-6-4-2 00246 8 duration ofy, which contains all the effective Green’s func-
(a) r s (mm) (b) rrg (mm) tions, andy takes into account propagation inside the disor-

dered medium and the choice of the TRW. Expressirior
FIG. 11. Variance of the TR field outside the focusing time. Thethe time-reversed field in terms &, and the® matrix will

(R) and the sourcéS). The horizontal axis is the distance between variance of the TR field.

the measurement poilK) and the sourcéS). The 2us-long TR
windows are centered around time 28 (a) and 40us (b), -
respectively. WW(x)=1 if |x|<1/2 andW(x)=0 if [x| >1/2.
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FIG. 13. The two steps of a one-channel TR experiment in trans-
mission through a multiple scattering mediu¢a) Forward propa- FIG. 14. The two steps of a one-channel TR experiment in a
gation step(b) Backward propagation step. backscattering configuration through a multiple scattering medium.

(a) Forward propagation stefh) Backward propagation step.

B. Average TR wave field

In Eq. (5), the randomness is contained only jtt). OPRT(t»AT:_)OATfto(S’R'R’K’t)' 12
Hence,(x(t)) is the key to calculat¢V ). We have shown
that [21] The other interesting limit is when the time reversal window

contains the whole recorded sign#ilt), in which case

T_to
<x(t)>:UC (ry,rara,r ;T)W<—>df]5(t), (7
R AT (Vi) = ng(S,R,R,K,t)dT. (13
AT—o
where !
So far the average TR field has been worked out. To this
Colrirarara; ) =(0O(r1 —r70(r3—r147). (8)  end, we have assumed that the first term of the right-hand

To obtain Eq.(7) we assumed that in the frequency domainside of Eq.(2) is negligible. If we do not neglect this term,
the correlation properties of th® operator only depend on the terMG(R—K )@ G¢(S—R;-t) @ f(-t) must be added
the frequency difference. In the multiple scattering thedgy ~ t© Ed.(5) as well as in the subsequent equations.
is also referred to as the intensity “vertex” function that links
the entry positions ,,r; to the output ones,, f 4. C. Variance of the TR

We conclude that the average TR field is intimately linked

to the intensity vertex according to To determine the variance of the TR field, we have to

average the squared time-reversed field. The coherent terms

v _ _ ¢ are neglected under the same conditions as those explained
(Wri) = | Arprarara) @ f(-1) in the previous section. The complete derivation of the vari-
ance of the TR is described if21]. However, due to the
. ) Tl complexity of the complete expression, here it is only written
8 {f Ce(rl,rz,rg,u,r)W( AT )dT} in the limit of small TR windows:

Xdr ydr odr 5dr 4. (9 (Wpit)?) = (Pge(t))?
AT—0
Upon introducing thet function,

+ ATJ gtO(S,R,S,R,T)ftOH(K,R,K,R,T)dT
EAX1, X, X3, X451) =f(3e(x1H r;— 1) ® Gelrp — Xy - 1)

® Ge(X3—> I’3,t) + ATJ étO(S1R1R1K12t_ T)gtO(S1R1R1K1T)dT-

® Gelrg— Xgit) ® f(=1) (14)

X Co(r1,r 2,13, 4; 7)dr 1dr ,dr 5dr 4,

(10) D. Approximation of the vertex
Eq. (9) reads The vertex can be split into two distinct contributions
1, [11]: the irreducible on€U) and the reducible on€R):
<‘I’RT(t)>=J§T(S,R,R,K;t)W< )dr- (11

AT (O(ry = r1)0(ry —ry5t)

In the following, we will see that the& function plays a =U(r,Fol 1o ) # R(FL T 0 Torst). (15)
central role in the multiple scattering theory applied to TR.

From a practical point of view, we often deal with a short The “Boltzmann approximation” consists in replaciid) by
time reversal window. When its duratiakT is sufficiently — the scattering by one scatter@nere notedS). This low-
small so thatCq(rq,r,;rs,ry; 7) is almost constant within density approximation turn@R) into an incoherent multiple
this interval, the average TR field can be expressed as  scattering series called “the ladder diagrams” which obey the
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e > oo oere e the article will be devoted to elucidating the respective role

I A S S 4% A+ ,‘){; + oo of the reducible and the most-crossed components of the ver-
6 b bbb b e tex function in TR focusing. First we will consider the trans-
T ; ‘é mission configuration and next the backscattering configura-

tion which is more complicated.

FIG. 15. Diagrammatic representation of the expansion of the
vertex: (S) represents the single scattering contributioR) the IV. TRANSMISSION CONFIGURATION
“ladder diagrams,” andC) the most-crossed diagrams that restore i
reciprocity. A. Average TR field

In transmission, the pointS andR are on opposite sides
radiative transfer equatiofR) itself does not obey reciproc- ©f the multiple scattering medium. The consequence is that
ity. Therefore the Boltzmann approximation fails in describ-£-(S,R,R,K 1) is null. Indeed, the effective Green's func-
ing any reciprocity-dependent effect, such as coherent backions are appreciable only on a skin layer whose thickness is
scattering. Beyond the Boltzmann approximation, reciprocityone or a few mean free paths.rif is in the skin layer at the
is restored by adding “most-crossed diagramgz), sample input, then the effective Green functi@(S
which are irreducible, to the diagrammatic expansisee ~ —r1;~t) is nonzero but in this cas8(R—r;;t) is negli-

Fig. 15. It has been shown that the expressions of thegible. Reciprocally, if Gg(r,—R;-t) is nonzero, Ge(r,
ladder and most-crossed contributions are, respectively;>K;t) is zero. Therefore the average TR figlHq. (11)]
FL(ri,ro;t)s(ri=rqy)8ro—=ry) and Fe(rq,ro;t)s(r;,  becomes

—r5)8(r,—r4) [10]. Obviously, due to the straightforward

link between the vertex function and ti§€unction [see Eq. (Wgre(t)) = f 50(5 R,R,K: t)W(
(10)], the same decomposition occurs #r

)dr (19

S That is to say that in transmission TR focusing properties

E1(X 1, X2, X3, X4, 1) = §2(X 1, X5, X3, X 4,1) come only from the existence of the most-crossed diagrams.
+ (X, X0 X3, X 1) A V|.sual interpretation of thg effect of averaging over real-

izations on TR propagation is proposed in Fig. 16. The same

+ gS(xl,xz,xg,x4,t). (16) kinds of conventions as used by Akkermans and Montam-

In the following, we shall neglect the single scattering con-baUX in Ref.[25] are adopted here. For clarity only propaga-

tribution. The reciprocity symmetry means that all Green’ S’t|0n inside the multiple scattering medium is represented. An

acoustic path starts from; and goes out at point,. The
functions are invariant upon permuting source and receivef
wave is time reversed. The new path starts frgnand exits
positions: G(r;—r,;t)=G(r,—r4;t). Consequently, in re-

ciprocal media, a strong relation exists between the Iaddqagr"' with another phase. Time inversion is formally equiva-
' . nt to repl the forwar th it nj Fig.
and the most-crossed diagramsR(rq,r,,ro/,rq:;t) o replace the forward path by its conjugasee Fig

) X ’ 16). The average process cancels out most of these paths.
=C(ry,ra,ry,r3t) or in - other WOVP'S FLry,rat) The only remaining paths are those that propagate along the
:FC(Ll'rZ;t):F(rl'rZ;t)' The same relation holds fof®  g5me trajectory during the forward and backward steps
and¢™ r,=r, andr,=rs, see Fig. 1& Moreover, the path and its

conjugate have opposite propagation directions. It means that

E(X1, X2, X3, Xgt) = EX(X1, X5, X4, X3,1). (17)  these paths will constructively interfere only if one of them

can be replaced by its reciprocal. Thus the focusing only
originates from the most-crossed diagrams that result from
the reciprocity property. As the pairs of paths are linked by a
§$(X1,X2,X3,X4,t) :f Ge(Xy — ;=1 ® Gy(rp — Xpi—1) qonvolution operator, they _interfere construc_tively only at

time t=0. Usually, in this kind of representation, a simple
product operator replaces the convolution operator since one
works in the frequency domain. Then constructive interfer-
® Gelro— Xy;t) ences occur at any time.

_ ) Therefore in transmission and on average, the TR focus-
® f(=OF(ry, o drydr. (18 ing only succeeds thanks to reciprocity. In other words, only
Within the diffusion approximation, an analytical expressionthe most-crossed diagrams contribute to the average TR
can be obtained fdf(r,r5;t) [24]. The next two sections of field. Usually the most-crossed diagrams are thought to be

=<
+ )
I, r,‘z T

FIG. 16. Paths that contribute to the TR mean field in transmission configuration. Dotted line indicates the conjugated path.

Using Eq.(10) gives

® Ge(X3 — I’l,t)
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significant only in backscattering; here we have shown thaa function directly linked to~ (see Ref.[21] for more de-
they play a fundamental role in transmission as well when dails) introduced in Eq.18) as a solution of the diffusion
time reversal experiment is performed. Now let us consideequation with boundary conditions and calculated recently
the statistical fluctuations around the mean value. [26]. The computation is quite long and complex and is out
_ i of the scope of this article. We have applied these results
B. Variance of the TR field using parameters that correspond to our experimental ultra-
Using the reciprocity principléEq. (17)] and the obser- sonic experiment performed in a water tank. The central fre-
vation that in transmissiogf(s, R,R,K ,t) vanishes, one in- quency of the initial pulse is 3.5 MHz, the sound speed in the

fers that homogeneous medium =1.5 mm/us, and the thickness
B of the multiple scattering medium is 35 mm. The diffusion
&(SRK,RD=0. (200 coefficient isD=3.2 mn?/ us, the elastic mean free path is
Thus the second term of the variance in Etg) only origi- ~ ¢=4 mm, and the transport mean free patt{ is=4.8 mm

nates from the ladder contribution while the third term comed16l-
from the most-crossed diagrams. Again, a graphical interpre-
tation is proposed in Fig. 17 In the symbolic equation repre- ,
sented in Fig. 17, there are now four paths in each term: two A Average TR field
correspondsolid ling) to the forth and back propagation in ~ From Egs.(11) and (16) the average time-reversed field
the TR process and the other two symbolize the conjugati#@volves now both the ladder and the most-crossed diagram
paths required to compute the square of the TR field. Th&ontributions. They are represented in terms of paths in Fig.
three terms of the figure correspond to the three terms on thE8. The contribution | due to crossed diagrams corresponds
right-hand side of Eg(14). The first one denotes the square to the one previously considered in transmission. However
of the average value of the TR field. The second one correwhen the four points; are at the same location, the second
sponds to the contribution of the forward patfrom contribution (Il) adds up to the previous one. It describes
r, to r,) with its conjugate together with the backward constructive interferences between a path and its conjugate
(from r; to r,) path and its conjugate. The propagation di-that follows the same sequence of scattering events in the
rections of paths in each pair are the same. This means thaame order. As the direction of propagation is the same along
the second contribution does not involve reciprocity of theboth paths, this contribution would survive even if reciproc-
medium. These two paths are linked together by a simpléy was broken. Both contributions show up only around time
product operator and is therefore a background contributiot=0. The spatial focusing including these two terms is plot-
that slowly changes with time. The third term due to reci-ted in Fig. 19. The ladder diagranisontribution Il in Fig.
procity only appears at the focusifig=0 and aroun& =S).  18) only contribute wherS, R, andK are sufficiently close
to each other. The reciprocity principle links each ladder dia-
V. BACKSCATTERING CONFIGURATION gram to a crossed one. Therefore the amplitude of the TR
In the backscattering configuratiof’(S,R,R K ,t) can  Peak is twice higher when the TR channel and the source
be nonzero whers andK are both close t®. In order to  coincide(see Fig. 20 This behavior is very similar to the
illustrate the theoretical results obtained in the backscatteringonerent backscattering effect. More details are given in Sec.

configuration and to compare them later to experiment, we’!l- A surprising conclusion can be already drawn: when
will consider an explicit solution for the function. In the  '€CiProcity is broken—for instance, by a strong flow—TR

general case, the computation &fis very complex. How- focusing still works as long as the initial source and the TR

ever, it can be greatly simplified if we assume that all ac;tive(:h,"’,mn‘?I are at the same position. '_I'his is contrary 1o the "?'
elements(S, R, andK) are in the far field zone of the mul- tuitive idea that time reversal focusing requires at least reci-

tiple scattering medium and that the initial puls¢) has a procity of the medium. These theoretical results are in good

bandwidth much smaller than its central frequency. Undefdreement with the experimental on@sgs. 7 and &
these conditionsé is written as

B. Variance of the TR field

EAX1, X2, X5, X i) = [F/ (X4 = X1, X5~ Xpi 1) +F' (X3
B v . B The expression of the variance Wzt is quite complex.
X1uXa= X D]f(=1), (21) Indeed, the variance is composed of not fewer than eight
whereF’ is the 2D-spatial Fourier transform &f which is  terms. Nevertheless, in the far field limit and for short TR

b = o

I I

r=re=r=r,

FIG. 17. Paths that contribute to the average squared TR FIG. 18. Paths contributing to the average TR field in
field. backscattering.
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FIG. 19. Numerical computation of the spatial dependence of the average TR wave field &t €inmersus the distance between the
source and the measurement poi@tsrtical scalg¢ and the distance between TR channel and the initial so(ircgzontal scalg The
representations are in linear gray scale. The vertical curve is the plot of the fieRi=fSrand the horizontal one fak =S. (a) and (b)
correspond to TR focusing for time reversal windows, respectively, centered at 15 arsd 55

windows, its expression is greatly simplifi€qgs.(14) and  all three points coincide, we expect the variance to be en-
2D)]: hanced by a factor of 4.
The second term oscillates twice faster than the central
Vo)D) — (Wor()2 = [F/(0,01) +F (R-SR-S:t frequency of th_e initial pulse. This term is significant only at
(Wrr(®%) = (Verl®) ATHO[ (0,0%) ( to)] the focus locatiortS) and at the focus timé&=0). Moreover,
when the three points are all at the same location, this term is

X [F'(0,0its+t) +F'(R-K,R also enhanced by a factor of 4. Altogether the variance can
be enhanced by a factor of up to 8. Figure 21 shows the
-K;tg+ t)]ATf f(n)%dr spatial dependence of the variance at three different times for
which the oscillating term is, respectively, minimum, zero,
e _ . =D and maximum. These plots are fully comparable to the ex-
*IF(K=S0) +F'(R-SK perimental onegsee Figs. 11 and 32
- Rt PATf(- @ f(-t)](21). In conclusion, we have found three contributions to the

(22)  variance of the TR field at backscattering. The first one is a
spatially uniform background due to the ladder diagrams. In

The variance reduces to the sum of two terms. The first orfddition.to this the most-crossed diagrams are_responsible
represents a slowly varying contribution. If the source and’ @ “diagonal enhancemen(R=K) and a “vertical en-
the TR channel positions are identic®=S), this term is hancement’(R=S) (see Fig. 21 Now we have complete
twice higher than if they would have been far away from €XPressions and.dlagrammanc m_terp_retauons.for the mean
each other. The same conclusion applies when the TR chah’alue and the variance of the TR field in transmission as well

nel and the recording point are identi¢®=K). Thus when 25 in backscattering. In the next two sections, we apply these
results to demonstrate “hyperfocusing” and “self-averaging”

o within the framework of the self-consistent diagrammatic ap-
" " " " " " " proach. Finally we establish the link between TR focusing
and CBS.

VI. HYPERFOCUSING

One of the most striking effects in one-channel TR inside
scattering or reverberant media is the hyperfocusing effect
[2,4,6,27,28 Resolutions of about one wavelength have
been experimentally observed. In transmission, we can
interpret this effect using Eqs(17)—(19). Indeed the
average TR field can be seen as a converging field emerging
from an aperture function given b@(ry)=f{fF(ri,r»;7

FIG. 20. Evolutions of the average time-reversed peak ampli-XW[(T_tO)/AT]dT}Ge(R_>r2;t)®Ge(r2_>R;_t) ®f(-1)

tude recorded at the sour@é =S) with respect to the center of the *drp wherer, is the coordinate on the virtual lens. The
TR window(time to). Solid line: TR channel is at the same position Maximum width ofO(r,) is the transverse dimension of the

as the sourcéS=R=K). Dashed lineS andR are far away from sample. For an infinite slab, half-wavelength resolution is
each other. achieved with only a single-channel TR. From a practical

Amplitude(arb.units)

10 20 30 40 50 60 70 80
time(ps)
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point of view, if the source is not really point like, its angular TR field obtained on one realization of disorder is a good

spectrum sets the lower limit for the spatial resolution. Inestimator of its average field, provided that frequency-

backscattering, the same formalism can be applied. dependent dissipation is neglected. An experimental illustra-
tion has been provided in Sec.(Figs. 3 and 4

VIl. SELF-AVERAGING PROPERTY OF TR
S G VIII. TIME REVERSAL AT BACKSCATTERING vs CBS

o e oo TO 8601 e GBS n an acoustc experiéan 29,
o . ' . source located ab sends out a short pulse into a multiple
one realization of disorder to the other. We define the signal- : . . L
) . . . _ scattering medium. The average reflected intensity is re-
to-noise ratio(SNR) at the focusing locatioriK =S) as the corded at time for each bointR:
intensity of the peakatt=0) divided by the variance next to 0 P '
the peak. In other words, SNR¥ z(0))?/(Wr(1)?). Giving 1=(G(S—R;it)) = § (SR,SR,t=0). (25)
a general expression of the SNR is quite complex. However, . . S
if the initial excitation functionf(t) is narrow band and This expression defines the spatial distribution of the back-
frequency-dependent dissipation is negligible, th@gS scatt_ered intensity at a given time. Interestingly, the average
11 ® Gy(r;— S:t) behaves as a Dirad(t). In that case TR field for S=K and att=0 reads
the SNR becomes for short and long time-reversal windows, (Wgrlt)) = ATE (SRR, St=0). (26)
respectively,
5 The expression of the average TR field is very close to the
SNR = ATF(0) (23) expression of the average backscattered inteiiEiy (25)].
AT—»OJ ()t Yet the exact equality is obtained only if the third and fourth
entries are permuted. The physical signification of this per-
mutation is fundamental. It implies that from TR to CBS, the
and roles of the ladder and most-crossed diagrams are ex-
2 changed: in the CBS, the “background” and “enhancement”
5 [J F(flifz,T)dfldfsz} intensities are, respectively, due to the ladder and the most-
SNR = f<(0) (29 crossed diagrams, while in the average TR field, the back-
AT [, 5 ground originates from the most-crossed diagrams and the
ftdt [ F(ry,ro,7)°ddrydr, enhancement from the ladders.
This property appears more explicitly in the diagrammatic
Equation(23) is equal to the ratio between the duration of representations of the average intensity on the one hand and
the time reversal window and the one of the initial pule¢.  the average TR field amplitude on the other hgRd. 22).
As for Eq.(24), it represents the ratio of the time spreadingLet us recall the conventions of diagrammatic representa-
of the initial pulse due to diffusion and the pulse duration.tions. First, the sources are on the left part of the diagrams
Hence for small TR windows the SNR ratio increases lin-while the receivers are on the right part. Roughly, a dot can
early with respect to the TR window length and reaches e interpreted as a scattering point and two dots linked by a
plateau for large TR windows. This result, established herelashed line represent the same scatterer. A thick segment
within multiple scattering theory, has been also found frombetween two dots or between a dot and one of the four outer
phenomenological assumptions in several previous papepositions symbolizes the effective Green’s function; it is
(e.g.,[3]). Expressiong23) and(24) also show that the SNR barred to indicate complex conjugation. The four outer posi-
increases as the pulse length decreases—i.e., when the batidns are classified in two pairs: two positions form a pair if
width is enlarged. Broadband time reversal focusing in ahey are linked to the same scatterer by two Green’s func-
complex medium tends to be a self-averaging process: théons, one of them being conjugated. A rule exists to deter-

0 2 4 0 2 4 0 2 4 6 8

[ TN [ T (s

| IrKI—rS(mm)
O BRMNONAO®®

-8

-8-6-4-2 0 2 4 6 8 -8-6-4-2 0 2 4 6 8 -8-6-4-2 0 2 4 6 8
(a) ey (mm) (b) s (mm) (c) s (mm)

FIG. 21. Three grey level representations of the variance. The vertical scale is the distance between thekobserttee sourc8. The

horizontal scale is the distance between the TR chaRreshd the initial sourcé. The time reversal window is centeredtgt 15 us. (a),
(b), and(c) represent the variance at three different times for which the oscillating term is, respectively, minimum, zero, and maximum.
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G*(S—R)~\ _S+9+++R S-+ets+R whereas the background would vanish. On the contrary, the
@\ Gs=R) | —q_§ & oSN +ete. enhancement of the backscattered inten@iey, CBS would
S RS R disappear, whereas the background would remain.
* S +4—+e+R S-+e+e+R
<G ) )~ + gL e IX. CONCLUSIONS
(b) G(R—?S) R S R e s .

. . . f the i , d One-channel time reversal experiments have been reex-
FIG. 22. Diagrammatic representation of the intentdyand o inaq within the framework of the multiple scattering

the time reversal amplitude at the focal ot On the left part of 0y "o the one hand, previously established results such
the diagrams are represented the position of the two sources: twice

Sin (8, S andR in (b). On the right part of the diagrams are gsn:]yr?etrrf(-{(c%s\l,ci?hiintﬂiS?rllf-a\r/etriag:r}? r?la\\j\? r?(eg]n ',;Ir?orOtESIry
represented the positions of the two receivers: tiida (a), R and emonstraté S theoretical lramework. € othe

Sin (b). Only second-order diagrams are drawn here. The left dia-hand' _the link beMeen one-channel TR and CBS has_ b_gen
grams correspond to the ladder contribution and the right ones tSStabl'Shed' ESpeC,'a”y’ we have Sh‘?W” th,at When the ',n't'al
the most-crossed contribution. source and the time reversal point coincide, the time-
reversed amplitude is twice as large. Surprisingly, this en-

mine whether a diagram is significant or not. A diagram will hancement is due to the ladder diagrams and not to the most-
be significant only if the two positions of each pair are suf-Crossed ones, contrary to CBS. These theoretical predictions
ficiently close and the contribution will reach its maximum have been confirmed by experimental results which have
when the two positions are identical. Hence, in the case opeen obtained with ultrasonic waves propagating through a
the intensity[Fig. 22a)], the well-known result is retrieved: random 2D collection of parallel steel rods. The generaliza-
the ladders contribute whatever the distance betweeamd  tion to multiple-channel TR and to random media subject to
S whereas the most-crossed diagrams are only significa®ng-range correlations will be the object of further studies.
whenR=S. In the case of TR, the role of diagrams are now
exchangedFig. 22b)]: the crossed ones always contribute
to the focusing amplitude whatever the distance betwRen
andS. As to the ladders, they only arise whBn=S. The authors wish to acknowledge David Lacoste for fruit-

A direct consequence is that in a nonreciprocal mediunful discussions as well as the GDR IMCODE of CNRS for
the “enhancement” of the TR average field would remainjts financial support.
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